Abstract: Heterotic string theory compactified on a K3 surface times T 2 is believed to be equivalent to type II string theory on a suitable Calabi-Yau threefold. In particular, it must share the same hypermultiplet moduli space. Building on the known twistorial description on the type II side, and on recent progress on the map between type II and heterotic moduli in the limit where both the type II and heterotic strings become classical, we provide a new twistorial construction of the hypermultiplet moduli space in this limit which is adapted to the symmetries of the heterotic string. We also take steps towards understanding the twistorial description for heterotic worldsheet instanton corrections away from the classical limit. As a spin-off, we obtain a twistorial description of a class of automorphic forms of SO(4, n, Z) obtained by Borcherds' lift.
Introduction
String vacua with N = 2 supersymmetry in 4 dimensions can be constructed in many different ways, in particular by compactifying the type IIA (type IIB, respectively) string theory on a Calabi-Yau threefold Y (Ŷ, respectively), or the E 8 × E 8 heterotic string on a K3 surface S times a torus T 2 . For suitable choices of the manifolds Y,Ŷ, S, and of the gauge bundle on the heterotic side, these constructions are believed to be equivalent, and related by nonperturbative dualities [1, 2, 3] . Strong evidence for this claim comes from the matching of various protected couplings in the low energy effective action, and a detailed comparison of the spectrum of BPS states.
So far, most of these tests have focused on quantities which depend only on vector multiplet (VM) scalars. Since the type IIB dilaton and the Kähler moduli ofŶ are hypermultiplet scalars (HM), such quantities can typically be computed exactly at zero coupling, infinite volume on the type IIB side, and then compared with the expected result on the heterotic side. The latter depends on the heterotic dilaton and Narain moduli of the torus T 2 , and typically receives a finite set of computable perturbative corrections, together with an infinite series of five-brane instanton corrections predicted by duality (see e.g. [4] and references therein).
The implications of string dualities for the hypermultiplet sector of N = 2 string vacua have been far less studied, with some notable exceptions [5, 6, 4, 7] . A technical reason is that hypermultiplet scalars are valued in a quaternion-Kähler (QK) space [8] , a class of geometries rather more sophisticated than the special Kähler geometry of the vector multiplet scalars. Fortunately, powerful twistorial techniques have been developed in the mathematics and physics literature [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] , providing an efficient computable framework to deal with such spaces.
More fundamentally, none of the dual descriptions above has so far provided a simple framework to compute quantum corrections to the HM moduli space. On the type II side, the HM moduli space M H receives D-brane and NS5-brane instanton corrections [21] . Although much progress has been achieved recently in describing these instanton corrections [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] (see [36] for a review), a complete understanding is still lacking. In particular, the computation of the generalized Donaldson-Thomas (DT) invariants which govern D-instanton contributions appears to be out of reach in general. On the heterotic side, since the dilaton is a part of the VM moduli, the same HM moduli space M H should be entirely computable at zero string coupling, within the worldsheet (0, 4) superconformal sigma model on S. However, the effect of worldsheet instantons [37] is ill-understood except near certain singularities [38, 39] . Moreover, the HM moduli space on the heterotic side includes, beyond the usual geometric and B-field moduli of S, data about the E 8 × E 8 gauge bundle on S [40] , which is considerably more intricate than the usual Narain moduli space of flat bundles on T 2 .
Our aim in this work is to carry the twistorial techniques which were successfully used in the study of the HM moduli space in type II Calabi-Yau vacua over to the heterotic side. For simplicity, we focus on perturbative heterotic compactifications on an elliptic K3 surface E → S → B, conjecturally dual to type IIB compactifications on a K3-fibered CY threefold Σ →Ŷ → P [41] . We further assume that all bundle moduli are fixed, 1 as happens for example for pointlike instantons at singularities of S. On the type IIB side, the absence of such bundle moduli requires that the K3-fibration has no reducible singular fibers [5] . In the limit where the area of the fiber E and base B are both scaled to infinity on the heterotic side, it is known that M H reduces to the orthogonal Wolf space [43] W(n) = SO(4, n) SO(4) × SO(n) , (1.1) where n is the number of unobstructed deformations of S. The duality map between heterotic and type II variables in this limit, first discussed in [5] and completed recently in [44] , is recalled in (2.37) below.
In this work, we develop a twistorial description of the HM moduli space M H which is adapted to the symmetries of the heterotic string on S, in particular to the automorphism group SO(3, n − 1, Z) of the lattice of (unobstructed) two-cycles on S and to large gauge transformations of the B-field. Mathematically, this heterotic twistorial description is based on the fact that the hyperkähler cone (HKC) of the orthogonal Wolf space W(n) is the hyperkähler quotient of H n+4 under SU(2) at zero-level [45] . Rather than starting from this somewhat abstract statement, we begin with the now standard twistorial description of the HM moduli space on the type IIB side [46, 19, 26] and determine the moment maps of the isometries ∂ B I associated to Peccei-Quinn symmetries along the B-field moduli (as well as the 'opposite' isometries B I ∂, related to the former by the Cartan involution). We show that those provide (generalized) Darboux coordinates on the heterotic side, and take a simple covariant form (3.18) in terms of the heterotic fields. The relations (3.11), (3.12) between these heterotic Darboux coordinates and the standard type II coordinates (3.7) may be considered as a lift of the duality map of [44] to twistor space.
We further investigate the twistorial description of heterotic worldsheet instanton effects which correct the metric on M H away from the classical limit. Although we cannot give a full answer to this question, we do find a simple twistorial description for the simplified but closely related problem of finding zero-modes of the Baston operator, a second-order differential operator acting on the space of functions on any QK manifold. The function (4.10) generating the zero modes via Penrose transform is one of our main results. As a spin-off, we find that a class of automorphic forms under SO(4, n, Z) obtained by Borcherds' lift is annihilated by the Baston operator, and therefore has a simple twistorial description generated by the same holomorphic function.
The remainder of this note is organized as follows. In §2 we recall the basic structure of the HM moduli space on the type IIB and heterotic side, and the duality map which relates them in the classical limit. In §3, after briefly reviewing the twistorial construction of the HM moduli space on the type II side, we provide an alternative construction which is adapted to the symmetries of the heterotic string, and explain its relation to the standard type II construction. In §4, we start investigating the twistorial description of heterotic worldsheet instanton corrections, in a linear approximation around the classical HM metric. We close in §5 with a summary and directions for further research. Some technical computations are relegated to Appendices A and B, while Appendix C discusses the application to automorphic forms obtained by Borcherds' lift.
HM moduli space in Heterotic/type II dual pairs
In this section we review the basic structure of the hypermultiplet moduli space in type IIB string theory compactified on a K3-fibered CY threefoldŶ and in the dual E 8 × E 8 heterotic string compactified on an elliptically fibered K3 surface S, as well as the duality map between them in the classical limit. We follow [44] except for minor changes in conventions.
Moduli space in type IIB on a K3-fibered CY threefold
At zeroth order in the string coupling constant, the HM moduli space M H in type IIB string theory compactified on a threefoldŶ is obtained from the Kähler moduli space M K ofŶ by the c-map construction [47, 48] . M K itself is described by a holomorphic prepotential F (Z Λ ) homogeneous of degree 2 in the projective Kähler moduli Z Λ (Λ = 0, . . . , h 1,1 (Ŷ)). The homogeneous ratios z a = Z a /Z 0 (a = 1, . . . , h 1,1 (Ŷ)) measure the periods of the complexified Kähler form B + iJ on a basis γ a of the homology lattice H 2 (Ŷ, Z), dual to a basis γ a of H 4 (Ŷ, Z) under the cup product. As usual we denote by γ 0 and γ 0 the generators of H 0 (Ŷ) and H 6 (Ŷ), and equip H even (Ŷ, Z) with an integer symplectic pairing such that γ Λ , γ Λ with Λ = 0, a form a symplectic basis.
In order for heterotic-type II duality to apply, it is necessary to assume thatŶ is a K3 fibration Σ →Ŷ → P by algebraic K3 surfaces Σ [41] . As a result, the lattice H 4 (Ŷ, Z) has a distinguished element γ s = Σ given by the generic K3 fiber. We assume that the fibration has a global section, such that γ s is dual to the base γ s = P ∈ H 2 (Ŷ, Z) of the fibration. The remaining generators of H 4 (Ŷ, Z) consist of the 'Picard divisors' γ i (i = 1, . . . , n − 2, the offset by 2 is for later convenience) obtained by sweeping an algebraic cycle in Pic(Σ) along a monodromy invariant cycle on the base, and of 'exceptional divisors' γ α (α = 1, . . . , h 1,1 (Ŷ) − n + 2) associated to reducible singular fibers. Here Pic(Σ) = H 2 (Σ, Z) ∩ H 1,1 (Σ, R) is the Picard lattice, i.e. the sublattice of algebraic 2-cycles inside H 2 (Σ, Z), and n − 2 is its rank. For simplicity, we assume that no reducible bad fibers are present, so n = h 1,1 (Ŷ) + 2. We denote by η ij the signature (1, n − 3) intersection form on Pic(Σ), and by κ abc = (γ a , γ b , γ c ) the intersection product on H 4 (Ŷ, Z). A key fact is that κ sbc vanishes unless b, c correspond to Picard divisors γ i , γ j , in which case it equals η ij . In the limit where the base is very large, the prepotential thus takes the form
where f (Z 0 , Z i ) is independent of Z s and includes classical contributions from the intersection product of Picard divisors, the usual 4-loop α ′ correction proportional to the Euler number of Y, and worldsheet instantons wrapping Picard divisors. The last term in (2.1) corresponds to worldsheet instantons wrapping the base P, which are exponentially suppressed when its area Im z s is very large. Starting from the prepotential (2.1), the c-map construction [48] produces the QK metric
where K is the Kähler potential on the special Kähler moduli space M K ,
and N ΛΣ is the 'Weil period matrix'
As usual, we denote
The coordinate r is related to the type IIB string coupling in 4 dimensions by r = 1/g 2 s , while (ζ Λ ,ζ Λ ) correspond to the periods of the RR gauge fields on H even (Ŷ, Z), and σ is the NS axion dual to the Kalb-Ramond two-form B in four dimensions (see [26] for more details).
In the limit where the area Im z s of the base is very large, the prepotential (2.1) reduces to the leading, cubic term, while the Kähler potential (2.3) takes the form
where we have defined z s = is. In order to recognize M H as a symmetric space, and to prepare for the comparison with the heterotic side, it is convenient to perform a symplectic transformation
the new symplectic vectors after the transformation S, we have
where we introduced the following signature (2, n − 2) intersection product on the lattice
We refer to the rank n lattice Pic Q (Σ) as the 'quantum Picard lattice'. It is crucial to note that the fields X A are not independent, but satisfy the quadratic constraint η AB X A X B = 0. In particular, the symplectic vector (X A , G A ) does not follow from a prepotential. The Kähler potential and period matrix in this basis are given by [49] 
where we introduced
Note that (M −1 ) AB = M AB where the indices are raised and lowered by the matrix η AB . Thus the matrix M AB parametrizes the symmetric space
. Noting that 12) we find that the metric on M H can be rewritten as
This identifies the metric (2.2) in the limit Re (s) → +∞ as the c-map of the special Kähler space
, where the first factor is parametrized by the Kähler modulus s of the base P . It is well known, and will become apparent shortly, that the c-map of this space is the orthogonal Wolf space W(n) [50] .
Moduli space in heterotic string theory on K3
Let us now consider E 8 × E 8 heterotic string theory compactified on a K3 surface S times T 2 . We restrict to perturbative vacua without NS5-branes, and assume that the gauge bundle is flat on T 2 . The VM multiplet moduli space is parametrized by the Kähler and complex moduli T, U of the torus, the holonomies y m of the Cartan generators of the unbroken part E 8 × E 8 , together with the complexified four-dimensional string coupling ψ + i/g 2 h (where ψ denotes the pseudoscalar dual to the heterotic Kalb-Ramond two-form B). As is well known, it receives tree-level, one-loop and instanton corrections from heterotic five branes wrapping K3 × T 2 . In contrast, the HM moduli space is independent of the heterotic string coupling, and is therefore entirely determined by the (0,4) superconformal field theory at tree-level [3] . It parametrizes the hyperkähler metric, B-field and E 8 × E 8 gauge bundle on S. In particular, it is independent of the radius of the torus T 2 , and unaffected under decompactification to 6 dimensions. In order to preserve N = 2 supersymmetries, the gauge bundle on S must have anti-self dual curvature F = − ⋆ F, F ′ = − ⋆ F ′ (where F, F ′ correspond to the two E 8 factors). Due to the Bianchi identity for the Kalb-Ramond field strength
the second Chern classes of the two E 8 bundles add up to c 2 + c
In general, some of the deformations of the HK metric may be obstructed by the requirement that (F, F ′ ) stays anti-self dual. For now we assume that this is not the case, and return to this point below.
As is well known from the study of (4, 4) superconformal sigma models [52] , the moduli space of HK metrics on a K3 surface S is 15) where the first factor corresponds to the overall volume V S = e −ρ in heterotic string units, and the second factor is parametrized by the periods of the triplet of Kähler forms J
x , x = 1, 2, 3 along a basis τ I (I = 1, . . . , 22) of H 2 (S, Z), Poincaré dual to a basis ω I of H 2 (S, Z):
where the second equation holds up to exact forms. Here we have lowered the index using the (inverse of the) signature (3, 19) 
It is important to note that the periods γ x I are subject to the orthogonality condition
Moreover a SU(2) rotation of J x leaves the HK metric on S unaffected. The metric on (2.15) is the SO(3, 19) invariant metric
where M IJ is the symmetric coset representative
On top of these metric moduli, the SCFT on S is also parametrized by the periods of the B field
Due to large gauge transformations, the periods B I are defined up to integer shifts and live in a flat torus bundle of rank 22 over the moduli space (2.15) of HK metrics on S. In the large volume limit, the total metric is invariant under translations along the torus fibers, and takes the form ds
To recognize this metric, we introduce the signature (4, 20) quadratic form
where the indices M, N run over ♭, I, ♯, and the matrix
belonging to the SO(4, 20) symmetry group. The tree-level metric then takes the manifestly invariant form
which is recognized as the invariant QK metric on the orthogonal Wolf space W(n) (1.1) with n = 20. This is not, however, the HM moduli space of heterotic strings on S, as one in general needs to incorporate the gauge bundle moduli. As mentioned above, some of the deformations of the HK metric on S may be obstructed by the anti-self-duality condition on (F, F ′ ). This occurs e.g. in the case of small instantons stuck at ALE singularities of S, which have no bundle moduli, obstruct the blow up modes of the metric and freeze the periods γ x I and B-field B I around the corresponding vanishing cycles to zero [53, 54] . We shall assume that, by this or some other mechanism, all bundle moduli are fixed, so that the HM moduli space in the large volume limit is given by
parametrizing the QK moduli space of (possibly singular) HK metrics and B fields on S unobstructed by the (possibly singular) gauge bundle.
Heterotic string on elliptic K3 surface
In order to relate the heterotic and type II pictures, it is useful to restrict to the case where the K3 surface S is algebraic and fibered by elliptic curves, E → S → B. We again assume that the fibration has a global section, which we denote by B, so that the Picard lattice
, where Γ 1,1 is generated by the base B and the generic fiber E, with signature (1, 1) intersection form . The two-cycles in Pic ′ (S) are associated to ADE singularities of S, and the corresponding periods γ x I are frozen due to the gauge bundle. The metric and B-field moduli then arise from the remaining 2-cycles in 27) where Trans(S) is the orthogonal complement of Pic(S) inside H 2 (S, Z), known as the transcendental lattice. We refer to Trans Q (S) as the 'quantum transcendental lattice'. In the basis τ I (I = 1, 2, A) such that τ 1 = B − E, τ 2 = E and τ A is a basis of Trans(S), the intersection form on (2.27) is given by 28) where η AB is the signature (2, n − 2) intersection form on Trans(S). In order to match the moduli space on the type II side, it is clear that one should have
where Pic Q (Σ) is the quantum Picard lattice defined above (2.9). In particular the Picard numbers of S and Σ must add up 2 to 20. Choosing J 3 as the Kähler form for the complex structure in which S is algebraic, such that E J = 0, where J ≡ 1 2 (J 1 + iJ 2 ), the complex structure on S can be parametrized by the complex periods 30) subject to the quadratic condition
which follows from (2.18). The complex variables X A , modulo real rescalings X A → λX A and subject to the quadratic constraint above, parametrize the Grassmannian
, which is indeed the moduli space of complex structures on algebraic K3 surfaces with Picard number 22 − n [55] .
The Kähler moduli on the other hand are measured by the periods of J 3 , which we parametrize by real variables v A and R according to
The periods of J and J 3 on the remaining cycle B are then determined by (2.18):
where
In terms of the periods γ x I defined in (2.16), these identifications amount to taking a SU(2) frame such that
In terms of these variables, the invariant metric (2.19) on the moduli space of HK metrics may be rewritten as
where M AB is defined in terms of X A as in (2.11) . Finally, the periods B I of the Kalb-Ramond two-form on H 2 (S, Z) decompose into
(2.36)
Classical limit and duality map
After these preparations, we are finally ready to identify the heterotic and type IIB variables.
Comparing the metrics (2.22) and (2.13) on the HM moduli space, we find that the two agree provided [44] (ρ−R) of the P base on the type IIB side is large (such that only the first term in (2.1) remains), and the type IIB string
(ρ+R) is small, such that the type IIB string can be treated classically. This is achieved by sending ρ → −∞, keeping other variables fixed. On the heterotic side, this corresponds to the 'double scaling limit' where the area of the elliptic fiber e (ρ+R) are both scaled to infinity [40, 54, 5] . In this limit, the metric on M H admits an isometric action of SO(4, n). In particular, it is invariant under continuous shifts of the B-field moduli B I , corresponding to the grade +1 elements in the grading
induced by the decomposition (2.23). On the type IIB side, the corresponding Killing vectors become
Away from the classical limit, these continuous symmetries are in general broken to discrete translations by heterotic worldsheet instantons [38] . On the type IIB side, continuous symmetries along B 2 are broken by worldsheet instantons wrapping the base P of the K3 fibration, while continuous symmetries along B 0 , B i , B s are broken to discrete translations by D5-brane instantons wrappingŶ, D3-brane instantons wrapping Picard divisors γ i , and D1-brane instantons wrapping the base P, respectively [26] . Finally, continuous translations along B 1 are broken by NS5-branes wrappingŶ on the type IIB side [32] . The duality map (2.37) ensures that the natural periodicities of the type II variables (ζ A ,ζ A , σ/2) are mapped to integer periodicities of the B I 's and the v A 's.
3 To translate to the notations in [44] , set
The duality map in twistor space
Much of the recent progress in understanding quantum corrections to HM moduli spaces has been achieved by formulating them in twistor space, where the constraints from QK geometry are easily implemented. The twistorial formulation used in [26] was tailored for the application to type II strings compactified on a CY threefold, and based on the c-map structure of the HM moduli space in the weak coupling limit. Our goal in this section is to provide an alternative construction of the same HM moduli space which is instead tailored for the heterotic string compactified on K3, and relate it to the type IIB construction of [26] .
Brief review of twistorial techniques for QK manifolds
The main advantage of the twistor approach to quaternion-Kähler geometry is that it provides an explicit description of any quaternion-Kähler space M in terms of a set of holomorphic functions [19] . Those may, roughly speaking, be considered as analogues of the prepotential in special Kähler geometry. If d denotes the quaternionic dimension of M, these functions live on a 2d + 1-complex dimensional bundle S 2 → Z → M known as the twistor space. Despite the fact that M in general possesses no complex structure, Z is equipped with a canonical complex contact structure and a real involution which acts trivially on M and as the antipodal map on the S 2 fiber [9, 10] . Conversely, provided the fibration is sufficiently generic (see the references above for the technical details), any complex contact manifold Z equipped with such a real involution gives rise to a QK space M.
The central object in the twistor construction is the complex contact structure. It is constructed from the SU(2) R part of the spin connection 4 on M as the kernel of the one-form
where t denotes a stereographic coordinate on S 2 . The one-form Dt is of Dolbeault type (1, 0) on Z, and valued in the O(2) line bundle over S 2 . The one-form X is defined only up to complex rescalings. We choose the factor e Φ , known as the 'contact potential', such that X is holomorphic (i.e.∂-closed). Locally (but not globally), one can always choose 'contact Darboux coordinates'α, ξ Λ ,ξ Λ on some open patch U in Z such that
The global complex contact structure, and hence the QK metric on M, can then be specified by a set of complex contact transformations between local Darboux coordinate systems on an open covering U i of Z. The generating functions of these transformations, S [ij] , are the holomorphic functions mentioned above. Of course, they must satisfy the obvious consistency conditions on triple overlaps U i ∩ U j ∩ U k , are defined up to local complex contact transformations S
[i] on each patch, and must also be consistent with the real involution.
Linear (2)). To any such isometry, the moment map construction associates a holomorphic function O on Z which generates the infinitesimal contact transformation via the 'contact Poisson action' on holomorphic functions F [26] [O,
3)
The function generating the commutator of two Killing vectors can be obtained by the 'contact Poisson bracket' [26]
For some purposes, in particular for making isometries of M manifest, it is useful to consider the Swann bundle S, a C × -bundle over Z (or C 2 /Z 2 -bundle over M) endowed with a hyperkähler cone metric [11, 17] . As such it admits a homogeneous complex symplectic form ω S , which can be cast locally in Darboux form
where ν I are taken to transform with degree 1 under the C × action, whereasν I stay inert [19] . The QK metric on M is now encoded into a set of complex symplectomorphisms between different local Darboux coordinate patches, which commute with the C × action. These symplectomorphisms are simply related to the contact transformations above by projectivization: singling out one of the indices I, say 1, and letting Λ run over the remaining indices, one may defining projective coordinates
such that ξ Λ ,ξ Λ ,α provide local complex contact Darboux coordinates on Z = S/C × , while ν parametrizes the fiber. The complex symplectic form (3.5) then decomposes as
where X is the contact one-form (3.2). One may check that the contact Poisson action (3.3) and bracket (3.4) are given by {νO 1 , O 2 } S and {νO 1 , νO 2 } S , where {·, ·} S is the Poisson bracket on S for the symplectic form (3.5). One advantage of the Swann bundle is that any quaternionic isometry of M lifts to a triholomorphic action on S.
Type II Darboux coordinates
We now briefly recall how the QK metric on the type IIB HM moduli space (2.2) can be cast in this twistorial framework. The construction works for any c-map metric, irrespective of the form of the prepotential. One introduces Darboux coordinates [46, 19] 
where, in the gauge Z 0 = 1,
Fixing the coordinates r, Z Λ , ζ Λ ,ζ Λ , σ on the QK space and varying the fiber coordinate t ∈ S 2 , these expressions parametrize the twistor lines, i.e. the fibers of the projection Z → M. Substituting the Darboux coordinates in the contact one-form (3.2) and choosing e Φ = r, one may check that the QK metric reconstructed from the spin connection p ± , p 3 in (3.1) reproduces (2.2). The Darboux coordinates above are valid away from the north and south poles t = 0 and t = ∞. The singularity at those points may be removed by a complex contact transformation generated by the prepotential F (ξ Λ ) [19] . It is worth noting that the Darboux coordinates (ξ Λ ,ξ Λ ) defined in (3.7) transform as a vector under symplectic transformations, whileα is inert.
Performing the symplectic rotation (2.6), which is necessary for later comparison with the heterotic formulation, the coordinates ξ A ,ξ A are replaced by
A andα are unaffected. The contact form after the transformation takes the same form as in (3.2)
Heterotic moment maps
In order to relate the heterotic and type II variables in §2.4, a key step was to identify the Killing vectors (2.39) for the commuting isometries corresponding to shifts of the heterotic Bfield. Likewise, in order to understand the structure of the twistor space in heterotic variables, it is important to consider the moment maps η I associated to the isometries ∂ B I . A simple computation shows that these are given by
A central role will also be played by the moment maps µ I associated to the 'opposite' isometries corresponding to the grade −1 generators in (2.38), which we denote by B I ∂. While the action of these Killing vectors on the type II variables is unilluminating, their moment maps can be computed using the known formulae for the isometries of c-map spaces with cubic prepotential [56, 50] , obtaining
(3.12)
A useful check on these expressions is that they are indeed global O(2) sections, i.e. are quadratic in t (modulo an overall factor of 1/t) when expressed in terms of the coordinates on M H × S 2 , and satisfy the algebra
under the contact Poisson bracket (3.4). These results are in agreement with the fact that the isometries ∂ B I (respectively, B I ∂) commute among each other, and that the commutator of ∂ B I and B J ∂ is a combination of SO(1, 1) and SO(3, n − 1) rotations, with moment maps given by
Moreover, the moment maps η I , µ I transform covariantly under SO(3, n − 1) rotations
and carry weight +1, −1 under SO(1, 1).
More importantly yet, the moment maps for the isometries ∂ B I and B I ∂ satisfy the quadratic constraints
which reflect the fact that the Swann bundle S of the orthogonal Wolf space W(n) is isomorphic to the minimal nilpotent orbit of SO(n + 4, C) [57] . Finally, the contact one-form (3.10) can be expressed in terms of these moment maps as 17) which shows that η I / √ h, µ I / √ h can be viewed as complex Darboux coordinates on Z, despite being subject to the constraints (3.16). For brevity, we shall refer to η I , µ I as the 'heterotic moment maps'.
Although the moment maps defined above look complicated when expressed in terms of the type II coordinates on M H , they acquire a very elegant form in terms of the heterotic variables using the duality map (2.37). Recalling the definition of the set of vectors γ x I in (2.16) and (2.34), we find
where ϑ IJ is the O(2)-tensor made out of the inner products ǫ xyz γ
Likewise, the moment maps (3.14) for the SO(1, 1) and SO(3, n − 1) generators are given by
In particular, it is straightforward to check that under infinitesimal shifts B I → B I + ǫ I , these generators shift according to the contact Poisson action (3.3) with O = ǫ I η I . More generally, under arbitrary finite shifts B I → B I + ǫ I , the heterotic moment maps transform according to
Equations (3.16)-(3.21) provide an alternative parametrization of the twistor lines of the twistor space Z → W(n) which keeps symmetries under SO(1, 1) × SO(3, n − 1) rotations and shifts B I → B I + ǫ I manifest. 5 In the next subsection we provide a more conceptual derivation of this description which has the advantage of making the full SO(4, n) symmetry manifest.
Heterotic hyperkähler quotient construction
As explained in [45, 58] , the Swann bundle S of the orthogonal Wolf space W(n) can be obtained as the hyperkähler quotient of H = H n+4 under SU(2) at zero level. To describe this quotient, we choose complex coordinates z M + , z M − on H with M running over the indices ♭, I, ♯, such that the complex symplectic form on H is
where η M N is the signature (4, n) quadratic form defined in (2.23). The group SU(2) of interest acts by left-multiplication on each of the quaternions
while SU(2) R acts by right-multiplication. The HK quotient S = H///SU (2) is obtained by imposing the F-term conditions
the D-term conditions 25) and modding out by the SU(2) action. Equivalently, one may impose only the F-term conditions and mod out by the action of the complexified group SL(2, C) (on the open subset where this action has no fixed point). In particular, away from the locus z 26) to reach the SL(2, C) gauge
Then the remaining coordinates are given by
In this gauge the F-term constraints become
while the symplectic form (3.22) reduces to
The moment maps for the triholomorphic action of SO(4, n) on the quotient S are simply the restriction of the moment maps of the SO(4, n) action on H to the locus (3.24), namelŷ
Identifying the moment mapsĥ I♭ ,ĥ ♯I ,ĥ IJ ,ĥ ♯♭ on S with the moment maps η I , µ I , h IJ , h on Z, rescaled by the C × coordinate ν, we find
In particular, under these identifications the quadratic conditions (3.29) reproduce the conditions (3.16) satisfied by the 'heterotic moment maps', as well as the first relation in (3.14). The coordinate ν may be set to 1 at the expense of relaxing the gauge condition η 1 = 1 in (3.11). Finally, one easily checks that substituting (3.32) into (3.30), one reproduces the symplectic form (3.6) with X as in (3.17) .
The identification (3.32) shows that the heterotic moment maps η I , µ I subject to the constraints (3.16) are indeed (after an overall rescaling by √ h) Darboux coordinates on the Swann bundle S, inherited from the unconstrained coordinates z M ± on the total space H = H n+4 before quotienting by SL(2, C). Unlike the type IIB (unconstrained) Darboux coordinates ξ A , ξ A ,α, ν, the coordinates η I , µ I transform linearly under SO(3, n − 1), and according to (3.21) under shifts of B I . As we shall see in the next Section, they provide a convenient framework to describe quantum corrections on the heterotic side.
Heterotic worldsheet instantons in twistor space
In the previous section, we provided a new system of Darboux coordinates on the twistor space (or Swann bundle) of the HM moduli space in the classical limit, where it reduces to the orthogonal Wolf space W(n). The main advantage of these new coordinates η I , µ I is that they transform linearly under SO(3, n − 1), and have simple transformation properties (3.21) under large gauge transformations of the B-field. The price to pay is that they are not independent, rather they satisfy the invariant quadratic constraints (3.16) . In this section, using this framework, we investigate the twistorial representation of the worldsheet instanton corrections which are expected to correct the HM moduli space away from the classical limit. Perturbative α ′ corrections, and a detailed comparison of quantum corrections on the heterotic and type II side is left for future work.
Generalities on heterotic worldsheet instantons
To all orders in a perturbative α ′ expansion, corrections to the HM moduli space are expected to be independent of the B-field moduli B I . In contrast, worldsheet instantons wrapping a two-cycle τ = p I τ I ∈ H 2 (S, Z) are characterized by an exponential dependence of the form e ∓2πip I B I on these moduli, coming from the topological coupling τ B of the heterotic string worldsheet to a background Kalb-Ramond field. This dependence ensures that the moduli space is invariant under large gauge transformations B → B + ǫ I ω I of the B field, where the transformation parameters ǫ I are integers.
In the large volume limit, worldsheet instanton contributions are expected to be of order e −2πS inst where S inst is the classical Nambu-Goto action of the heterotic string wrapped on τ supplemented by the usual axionic coupling,
Here D is the square of the area of the supersymmetric cycle in the homology class τ . Since supersymmetric cycles are complex curves for any linear combination of the triplet of complex structures J x on S, their area is given by
Moreover, since the HM moduli space should be independent of the heterotic dilaton, corrections are only expected to come at tree-level, i.e. for wordsheets of genus 0. This constrains the homology class τ to satisfy
The prefactor in front of the exponential e −2πS inst should include the one-loop fluctuation determinant around the classical configuration and other factors which depend on the observable of interest (for example, a component of the metric tensor). It is expected to be uniquely determined by supersymmetry constraints, up to a factor Ω H (p I ) which should be a topological invariant of the K3 surface S and E 8 × E 8 gauge bundle (in particular, locally independent of all moduli). Unlike the D-instanton corrections on the type IIB side, this topological invariant does not appear to have been formulated in the mathematical literature. It would be interesting to investigate whether Ω H (p I ) is liable to jump at certain loci in HM moduli space, and whether it may be subject to certain global consistency conditions. In this work we shall work at linear order in the instanton corrections, and treat Ω H (p I ) as unknown constant parameters.
A twistorial origin for scalar-valued worldsheet instantons
As recalled in section 3.1, linear perturbations of the classical metric on M which preserve the QK property are described by elements of H 1 (Z, O(2)) -in practice, by a set of holomorphic functions H [ij] (1) on the overlaps of two patches in an open covering U i of Z. Viewed as homogeneous functions on the Swann bundle S, these must transform with degree 1 under the action of C × [19] .
Rather than studying these quaternionic metric fluctuations, we shall discuss a much simpler problem involving scalar-valued functions Ψ on M, whose twistorial description is very similar to the one relevant for metric perturbations. Namely, we consider zero-modes of the second-order differential operator (sometimes known as the Baston operator) [59] 
where ∇ AA ′ is the Sp(d)×SU(2) R spin connection on M and R is the constant scalar curvature on M. It is known that the solutions of (4.4) are in one-to-one correspondence with elements of H 1 (Z, O(−2)) via the Penrose transform [59, 46] . The latter can again be represented by a set of holomorphic functions H [ij] (−1) on the overlaps U i ∩ U j which now descend from homogeneous functions of degree −1 on the Swann bundle. The solution to (4.4) follows by a simple Penrose-type contour integral
where X is the contact one-form (3.1), r = e Φ = 1 2 e −(ρ+R)/2 is the contact potential, ν is the projective coordinate which can be absorbed due to the homogeneity of H
[ij]
(−1) , and C j is a contour on S 2 surrounding the patch U j . 8 Our goal is to identify a holomorphic function H (−1) and the associated contour C which, after Penrose transform, produces a function Ψ on M which behaves as e −2πS inst in the large volume limit. Our starting point is the observation that shifts B I → B I + ǫ I have an especially simple action on the space H = H n+4 prior to the SL(2, C) quotient,
In particular, for any integer m the function on Ĥ
is invariant under B-shifts with ǫ I integer. However, it is not invariant under SL(2, C), so does not descend to the quotient S. To repair this problem, one may formally average over the action of the nilpotent subgroup of SL(2, C)
This vector-valued operator reduces to the conformal Laplacian in quaternionic dimension d = 1. We refer to [46] for notations and details on this operator. 8 As in [18, 19] , the sum over patches does not depend on the free index i due to the standard consistency conditions on the holomorphic functions H [ij] (−1) . 9 The transformation (4.6) can be obtained by acting with the matrix appearing in (2.24) where B I is replaced by ǫ I . Note that it does not preserve the SL(2, C) gauge (3.27) . However it does reduce to (3.21), when followed by an SL(2, C) rotation to restore (3.27) . See appendix A for details.
to obtain an invariant function
where we used the invariance of the Haar measure and the gauge conditions (3.27) . This formal computation works for any m, but the requirement of degree −1 weight under the C × action fixes m = −1. This motivates the following Ansatz: 10) where the contour C should be chosen to encircle one of the roots of the denominator p I η I (t),
An explicit computation given in appendix B shows that in this case the Penrose transform of (4.10) is 12) reproducing the expected classical action (4.1).
It is important to note that, before the Penrose transform, the holomorphic function (4.10) is not invariant under integer shifts of B I . Instead it transforms by a term which is regular at the zeros of p I η I and therefore does not contribute to the contour integral. Another important observation is that wave-functions of the precise form (4.12) appear as Fourier coefficients of certain automorphic forms of SO(4, n, Z) obtained by the so-called Borcherds' (or theta) lift. We explain this relation and comment on its possible physical implications in Appendix C.
Generating functions for heterotic symplectomorphisms
We now return to the question of worldsheet instanton corrections to the classical HM moduli space. At linear order, these corrections correspond to linear perturbations of the homogenous complex symplectomorphisms relating Darboux coordinate systems on the Swann bundle S. As in the previous subsection, it would be desirable to parameterize these infinitesimal symplectomorphisms by holomorphic functions H(η I , µ I ) of unconstrained Darboux coordinates η I , µ I , as these variables transform linearly under SO(3, n − 1) rotations and shifts of the B-field. At the same time, one must ensure that the resulting transformations preserve the quadratic constraints (3.16) satisfied by the heterotic moment maps.
One way to achieve such a parameterization is i) to consider the most general infinitesimal symplectomorphism on the flat HK space H prior to quotienting under SL(2, C), ii) require that it preserves the F-term conditions (3.24) , and iii) compose it with an SL(2, C) rotation so as to maintain the SL(2, C) gauge choice (3.27). As explained in Appendix A, one finds that the most general infinitesimal transformation of the heterotic moment maps η I , µ I preserving the symplectic form (3.30) in the gauge ν = 1,
and the quadratic constraints (3.16) is given by
where H is an arbitrary holomorphic function of the heterotic moment maps η I , µ I (viewed as unconstrained coordinates), and h IJ , h are defined in (3.14) . In order that this transformation commutes with the C × action, it is furthermore necessary that H be a homogeneous function of degree 1 in η I , µ I . In order to describe worldsheet instanton corrections, we must require that H(η I , µ I ) be invariant under integer shifts of B I , up to regular terms. Unfortunately, the naive Ansatz (4.9) with m = 1 (so as to have the proper weight under C × action) fails, as the resulting prefactor (p I η I ) 3 /h 2 in front of the exponential is no longer singular at the zeros t ± of p I η I . We leave it as an open problem to determine the correct function H(η I , µ I ) describing worldsheet instanton corrections to the HM moduli space at linear order, or even more ambitiously at the non-linear level.
Discussion
In this note we reconsidered the duality between the E 8 × E 8 heterotic string compactified on S × T 2 , where S is an elliptically fibered K3 surface, and the type IIB string compactified on a K3-fibered CY threefoldŶ, from the point of view of their hypermultiplet moduli spaces. In the classical limit where both S andŶ are large (and so are the bases of the respective fibrations), and assuming the absence of bundle moduli on the heterotic side, or reducible singular fibers on the type IIB side, the HM moduli spaces are locally isomorphic to the orthogonal Wolf space W(n). We presented a simple relation (2.37) between the natural type IIB and heterotic fields which identifies the two metrics, improving the duality map of [44] so as to match the global identifications under large gauge transformations on both sides.
More importantly, we introduced a new twistorial description of the HM moduli space which manifestly exhibits the symmetries of the heterotic string, including in particular the large gauge transformations of the B-field moduli and automorphisms of the homology lattice H 2 (S, Z). We related this description to the standard twistorial formulation of the HM moduli space on the type IIB side, inherited from the c-map construction [46, 19, 26] . It would be very interesting to relate this description to the pure spinor formalism for heterotic compactifications developed e.g. in [60] .
Going beyond the classical limit, we started investigating twistorial description of heterotic worldsheet instantons, at the level of linear perturbations around the classical moduli space W(n). While we did not reach a conclusive answer to this problem, we found a simple holomorphic function (4.10) which, upon Penrose transform, reproduces the zero-modes of the second-order Baston operator (4.4) with exponential dependence on the B-field moduli. This provides an important clue on the twistorial lift of genuine heterotic worldsheet instantons.
Clearly, much remains to be done before establishing heterotic-type II duality in the hypermultiplet sector. First, one should extend the duality map to include gauge bundle moduli on the heterotic side. While the contribution of reducible singular fibers on the type IIB side is computable using mirror symmetry, a set of canonical coordinates on the gauge bundle moduli space is so far lacking, making this extension difficult. It may be possible to improve this situation for bundles admitting a spectral cover construction [40] , where the the HK metric on the gauge bundle moduli space is expected to be the rigid c-map metric on the Jacobian of the spectral curve.
Another interesting problem is to match the 4-loop α ′ correction to the type IIB prepotential and the 1-loop g s correction to the c-map metric (2.2) (both of which proportional to the Euler number ofŶ [61, 62, 63, 64] ) against some perturbative corrections on the heterotic side. While both effects will change the form of the twistor lines (i.e. the expressions (3.7), (3.18) of the Darboux coordinates in terms of coordinates on M × S 2 ), it is worth noting that neither the relations (3.11), (3.12) between the type IIB Darboux coordinates (ξ Λ ,ξ Λ ,α) and the constrained heterotic Darboux coordinates (η I , µ I ), nor the quadratic constraints (3.16) themselves, will be affected. As on the type II side, these loop corrections are crucial for establishing the correct topology of the perturbative moduli space, and impose important constraints on non-perturbative corrections [31, 32] . On the heterotic side these loop corrections will in general spoil the flatness of the torus bundle of B-field moduli B I over the moduli space of metrics on K3, and should cancel against chiral anomalies on the heterotic string worldsheet, such that worldsheet instanton corrections are well-defined [38] .
Having matched perturbative contributions, one should then be able to compare the worldsheet, D-brane and NS5-brane instantons on the type IIB side with worldsheet instanton corrections on the heterotic side. This of course requires a full understanding of these heterotic instantons in twistor space, which we have achieved only partially. One intriguing issue is that, on the face of Eq. (2.36), both type IIB worldsheet instantons wrapping the base P of the K3-fibration, and NS5-branes wrapping the full CY threefold, seem to map to worldsheet instantons wrapping the genus-one curves E and E + B. This is in apparent contradiction with the fact that the metric on the HM moduli space should be exact at tree-level and thus receive corrections from genus-zero worldsheet instantons only. We expect that this puzzle will be resolved by including bundle moduli, which could modify the duality map and relax the constraint (4.3). Assuming that these issues can be cleared, one may hope that heterotic-type II duality, along with other dualities between N = 2 string vacua, will provide new tools for computing the exact metric on the hypermultiplet moduli space, and extracting the topological invariants encoded in instantonic effects.
As an interesting spin-off of our study of worldsheet instantons in twistor space, we have found in Appendix C a twistorial description of a class of automorphic forms under SO(4, n, Z) obtained from a weakly holomorphic modular form of weight (4−n)/2 by Borcherds' lift, whose Fourier coefficients have the expected form of heterotic worldsheet instantons. Unfortunately, the twistorial description of these scalar-valued automorphic forms is in terms of H 1 (Z, O(−2)), rather than H 1 (Z, O(2)) as required for worldsheet instanton corrections to the QK metric. It would be very interesting to identify a class of heterotic/type II duals where a discrete subgroup SO(4, n, Z) of the isometry group of the moduli space M H could arguably stay unbroken at the non-perturbative level in the spirit of [22, 27, 28] . Determining the automorphic form in H 1 (Z, O(2)) governing these quantum corrections could then provide an alternative way to arrive at the afore-mentioned topological invariants.
where we used the fact that, for two vectors in R 3 , a ∧ ( a ∧ b) 2 = a 2 a ∧ b 2 . On the other hand, the norm of the denominator is given by
so that the ratio is found to be
As a result, we indeed recover the worldsheet instanton action (4.1)
and the formula (4.12) immediately follows.
C. Twistorial theta lift
In this Appendix we expand on the observation mentioned in §4.2 that the eigenmodes (4.12) of the Baston differential operator (4.4) arise as Fourier coefficients of certain automorphic forms obtained by the theta lift procedure. For simplicity, we assume that n − 4 is a multiple of 8. 10 Let Λ be an even self-dual Lorentzian lattice with signature (4, n). The Narain lattice partition function Z 4,n (τ ) = τ over a fundamental domain F of SL(2, Z) gives a function on W(n), invariant under the automorphism group SO(4, n, Z), which is known as the theta lift or Borcherds' lift of the modular form Φ [65] . In particular, using the same parametrization of W(n) as in the body of this paper, Ψ is invariant under integer shifts B I → B I + ǫ I . The Fourier coefficients of Ψ with respect to the periodic variables B I can be computed by using a Poincaré series representation for the lattice partition function, obtained by Poisson resummation with respect to p ♭ in (C.1). Denoting by k the integer dual to p ♭ and w = p ♯ , this gives series representations (or continuations thereof) [67] . (See e.g. [69] for a pedestrian view on quaternionic discrete representations for rank 2 reductive groups). From a mathematical viewpoint, it would be very interesting to construct explicit examples of SO(4, n, Z) automorphic forms attached to general quaternionic discrete representations.
